
Kees Roos 	 On the Union-Closed Conjecture of Péter Frankl	 NAW 5/24  nr. 4  december 2023	 225

We can therefore reformulate the UCC as 
follows:

Conjecture 2.  If F is a UC-family then AF  
has a column with at least m/2 ones.

Note that AF  is unique up to the order-
ing of its rows. Without loss of generality 
one may assume that the rows are ordered 
lexicographically, but (for the moment) this 
is not required. Also without loss of gen-
erality we assume that AF  has no zero 
column, because such a column does 
not affect the status of the conjecture. It 
means that every element of [n] belongs 
to at least one set in F. As a consequence 
we always have [ ]n F! . We denote the 
empty set as [0] and as usual, we allow 
[ ]0 F!  in the conjecture only if m 2$ , 
because otherwise (i.e. if {[ ]}0F = ) the 
conjecture does not hold.

Subsets as nonnegative integers
The binary vector s in (1) uniquely defines 
the nonnegative integer

( ) .z s 2i

s

1

1i

= -

=
/

The extreme values of this number are 0 
(for the empty set [0]) and 2 2n 1 0g+ +-  

2 1n= -  (for the whole set [n]). We call s 
the binary representation, or binary value, 
of the set S and z(s) its decimal value. In 
this way we have two ways for represent-
ing the family F of subsets of [n]. Using 
binary values we obtain the binary matrix 
AF  of size m n# . Otherwise, when using 
decimal values, F simply becomes a sub-

that belongs to at most half of the sets in 
'F . By taking for 'F  the complements of 

the sets in F the two conjectures turn out to 
be equivalent. This is a consequence of the 
well-known theorem of de Morgan: the com-
plement of the union of two sets is equal to 
the intersection of their complements. The 
relation between UC- and IC-families will be-
come more clear in the last section.

Without loss of generality we assume 
that the elements of X are represented 
by the numbers 1 to n. In other words, 

{ , , }X n1 f= , which is also denoted as 
[n], and 2F X3  , where 2X  denotes the 
so-called power set of X, which consists of 
all subsets of X. We represent each subset 
S of X by its ordered support vector, i.e., 
the {0, 1}-vector

( , , , ),s s s sn n 1 1f= - (1)

with s 1i =  if i S!  and s 0i =  otherwise. 
The matrix whose rows are the support vec-
tors of the sets in F is denoted as AF . In 
this note we focus on this matrix represen-
tation of F. It is clear that there exists an 
element x that belongs to at least half of 
the sets in F if and only if AF  has a column 
with at least m/2 ones, where m F= . 

Frankl’s conjecture
Let F be a family of distinct subsets of 
a finite set X such that if S F!  and 
T F!  then S T F, ! . We then say that 
F is union-closed or shortly that F is a 
UC-family. In this note we deal with the 
following conjecture, which is attributed to 
Péter Frankl (1979).

Conjecture 1.  There exists an element x X!  
that belongs to at least half of the sets 
in F.

For a quite complete historical survey, 
see [2]. Despite many attempts the UCC 
is still open. There exist many partial re-
sults. One of these is that the UCC holds 
if 2F n 1$ - , where | |n X=  [6]. More 
recent papers are [4, 5, 8, 9, 10]. Following 
many authors we call an element x X!  as 
in the conjecture an abundant element.

Remark 1. According to [5] Conjecture 1 
exists since 1979. But I could find no pa-
per of Frankl from that year. The first result 
of him related to the subject seems to be 
[4,  Conjecture  2.1]. It deals with intersection 
closed (or IC-) families 'F . It states that 
in that case there exists an element x X!  
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Observe that this submatrix of C4  con-
tains entries that do not belong to F. Ob-
viously, to get a UC-family these entries 
must be added to F. We thus obtain F = 
{ , , , , , , , , }0 2 3 5 7 12 13 14 15 . For this F we get 
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At this stage there are no new decimal val-
ues in ( , )C F Fn , which implies that the 
current family F is a UC-family. The binary 
representation of F is
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We conclude this section with an interest-
ing observation. It concerns the nonzero 
pattern of Cn . For n 8=  this is depicted 
in Figure 2. Readers who are familiar with 

(which holds if and only if T S3 ), the pair 
( , )S T  will certainly not prevent F to be a 
UC-family. Similarly if S T T, = . In all oth-
er cases ( , )C i jn  is the (positive!) decimal 
value representing the subset S T, .

By way of example we present in Figure 1 
the closure matrix for n 4= , with its row 
and column numbering.

The zeros at the boundary of C4  are 
due to the fact that the empty set (which 
has decimal value 0, the label of the first 
row and the first column) is contained in 
every subset of the set [ ]X 4= ; moreover 
X itself (whose decimal value is the label 
of the last row and last column) contains 
every subset. Due to the construction of 
Cn  we may state the following lemma 
without further proof.

Lemma 1.  Let [ , ]0 2 1F n3 - . Then F is 
union-closed if and only if every (nonzero) 
entry of ( , )C F Fn  belongs to F.

If [ ]0 F! , the word ‘nonzero’ in the 
lemma can be omitted. Then we feel free 
to reformulate Lemma 1 shortly as follows:

( , ) .is aUC family CF F F Fn, 3-

By way of example consider the case where 
n 4=  and { , , , , } .0 2 3 5 12F =  Then
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and

set of m (distinct) integers in the interval 
[ , ]0 2 1n - . In the sequel we feel free to de-
note z(s) also as z(S).

Before proceeding, we consider a small 
example. With n 5= , let F be determined 
by the subset { , , }7 14 21  of integers in the 
interval [ , ]0 31 . We then have
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In other words, the subsets in F are 
{ , , }U 3 2 1= , { , , }V 4 3 2=  and { , , }W 5 3 1= . 

Obviously, F is not union-closed. For ex-
ample, the set { , , , }U V 4 3 2 1, =  does not 
belong to F. Denoting the binary repre-
sentations of U and V as u and v, respec-
tively, the binary representation of U V,  
is simply

( , ) .max u v 0 1 1 1 1= 7 A
So ( )z U V 15, = , whence the decimal value 
15 must be added to make F a UC-family. 
In a similar way we obtain ( )z U W 23, =  
and ( )z V W 31, = , which forces us to 
also add the decimal values 23 and 31 to 
F. Thus we arrive at

{ , , , , , },
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The family F is now union-closed as one 
may easily check. Unfortunately the deci-
mal values do not immediately reveal this 
fact. For this we really need the binary val-
ues of the subsets.

Definition of the ‘closure matrix’
In order to facilitate the process of check-
ing closedness of a given family F we con-
struct the so-called closure matrix Cn . This 
is a matrix of size 2 2n n# . Its rows and col-
umns are labeled by the integers from 0 to 
2 1n - . Thereby we consider each such la-
bel as the decimal value of a subset of [ ]n . 
For any pair of integers , [ , ]i j 0 2 1n! -  the 
( , )i j -entry of Cn  is defined as follows. With 
the subsets S and T such that ( )z S i=  
and ( )z T j=  we define

( , )
,

( ) .

if or
otherwiseC i j

S T S S T T

z S T

0
n

, ,

,
=

= =*

The underlying idea is that if S T S, =

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 3 0 5 0 7 0 9 0 11 0 13 0 15 0

2 0 3 0 0 6 7 0 0 10 11 0 0 14 15 0 0

3 0 0 0 0 7 7 7 0 11 11 11 0 15 15 15 0

4 0 5 6 7 0 0 0 0 12 13 14 15 0 0 0 0

5 0 0 7 7 0 0 7 0 13 13 15 15 13 0 15 0

6 0 7 0 7 0 7 0 0 14 15 14 15 14 15 0 0

7 0 0 0 0 0 0 0 0 15 15 15 15 15 15 15 0

8 0 9 10 11 12 13 14 15 0 0 0 0 0 0 0 0

9 0 0 11 11 13 13 15 15 0 0 11 0 13 0 15 0

10 0 11 0 11 14 15 14 15 0 11 0 0 14 15 0 0

11 0 0 0 0 15 15 15 15 0 0 0 0 15 15 15 0

12 0 13 14 15 0 13 14 15 0 13 14 15 0 0 0 0

13 0 0 15 15 0 0 15 15 0 0 15 15 0 0 15 0

14 0 15 0 15 0 15 0 15 0 15 0 15 0 15 0 0

15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Figure 1  The matrix C4 , with its row and column numbering.
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( , )C i jn
u  by 0 if ( , )C i j in =u  or ( , )C i j jn =u . 

The closure matrix Gn  for IC-families can 
be obtained in a similar way. With G C0 0=u u , 
we define for n 0$ ,

,G
G

G

G

G 2n
n

n

n

n
n1 =

++
u

u

u

u

u> H

Then we obtain the closure matrix Gn  for 
IC-families from Gn

u  by replacing ( , )G i jn
u  by 

0 if ( , )G i j in =u  or ( , )G i j jn =u .

Remark 2.  The matrix Cn  can also be ob-
tained in a different way. Let C0

u  denote 
the 1 1#  zero matrix: C 00 =u . For n 0$  
we define

,C
C

C

C

C2

2

2n
n

n
n

n
n

n
n1 =

+

+

++
u

u

u

u

u> H

where C 2n
n+u  denotes the matrix arising 

from Cn
u  by adding 2n  to each of its entries. 

Then we obtain Cn  from Cn
u  by replacing 

fractals will recognize the well-known so-
called Sierpinski fractal and mirrored ver-
sions of this fractal.1 It came as a surprise, 
reminding us of Isaac Newton’s ‘smoother 
pebble or prettier shell than ordinary’.2 At 
this stage it is not clear how to use this 
beautiful picture for the proof of the UCC. 
But as we demonstrate in the next section, 
the matrix underlying this picture turns out 
to be a useful tool when performing com-
putational experiments.
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nz = 52670
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Figure 2  Nonzero pattern of Cn  for n 8= .
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all other cases problem (3) becomes in-
feasible.

We also considered the case where 
the condition x m1T =  in problem (3) is 
replaced by x m1T $ , while including the 
constraint x2 1T#x , in order to guarantee 
tightness with respect to Frankl’s conjec-
ture. Table 2 shows the results for the cor-
responding problem, which is given by

{ : ( ) , ,

, , { , } } .

min max x A x x A

D x x m x 0 1

1 1

1 1

T T T

n
T N

2
1# # $

# $ !

xx

(4)

The table confirms that tightness occurs if 
and only if F  a power of 2.

Remark 3.  It is worth mentioning that in 
our experiments the solution of the optimi-
zation problems (3) and (4) had a surpris-
ingly simple structure in the cases where 
x 1T  is a power of 2. Suppose ,m 2k=  with 

.k n1 # #  In order to describe the special 
structure we use for the moment the nota-
tion Ak  for the k2k#  matrix whose rows 
are all binary vectors of length k. Then the 
solution always contained Ak  as a subma-
trix, and the remaining n k-  columns were 
copies of columns in Ak . It means that there 
are exactly k different columns and these 
are the columns of Ak . In terms of Frankl’s 
‘subset model’ this means that there are 
one or more pairs of elements in X such 
that both elements belong to exactly the 
same subsets in F. Moreover, by removing 
the n k-  columns outside the columns of 
Ak , we are left with the power set of [k].

Based on these experiments and similar 
experiments for other small values of n we 
state the following conjecture:

Conjecture 3.  If Frankl’s conjecture is tight 
for some UC-family F then 2F k=  for 
some k and AF  contains Ak  as a sub-
matrix.

It looks as if the proof of Conjecture 3 
will need a clever use of the structure of 
the matrix Cn . In fact, a simple observa-
tion already leads to a special case where 
this conjecture is true. This is the topic of 
the next section.

A small step forward
Before dealing with the theorem below, we 
suggest the reader to verify the reasoning 
in the proof by using the matrix C4  in Fig-
ure 1 for the case where n 4= , k 3=  and 

is clear from the context. Then, by rewrit-
ing (2) in the form ,x x x 1i j k #+ -  these 
inequalities altogether form a system of 
constraints

D x 1n #

for some suitable matrix Dn . Thus we may 
conclude that x defines a UC-family if and 
only if

, ,

{ , }, .

D x x A

x i N0 1 0 1

1 1n
T

i

# $

! # # -

Now we can state Frankl’s conjecture as 
follows:

, ,

{ , } ( ) .max

D x x A

x x A x0 1

1 1

1

n
T

N T T
2
1&

# $

! $

It may be noted that this holds if and only 
if the system

, ,

{ , } , ( ) .max

D x x A

x x A x0 1

1 1

1<

n
T

N T T
2
1

# $

!

is infeasible.

Some computational results
The first question that we consider is 
whether there exist UC-families for every 
value of m. To investigate this we consider 
the optimization problem

{ : ( ) , ,

, , { , } },

min max x A x A

D x x m x 0 1

1

1 1

T T

n
T N

# $

# !

x x

= (3)

for m 2=  to N. Any feasible solution x of 
this minimization problem corresponds to 
a UC-family, due to the definition of the 
matrix Dn . Since we are minimizing x, at 
optimality we have ( ) .max x ATx =  There-
fore, if the pair ( , )x x  solves problem (3) 
then x is equal to the lowest possible 
number of ones in an abundant column. 
According to the conjecture of Frankl we 
should therefore have .x2 1T$x

For n 4=  Table 1 shows the optimal val-
ues of x, x/m and x AT  for every value of 
m with m N2 # # . The table makes clear 
(at least if n 4= ) that a UC-family exists 
for every value of m. Moreover, in all cas-
es we have ,m2 $x  in agreement with the 
UCC. Note, however, that the conjecture 
is tight only when m is a power of two 
and, moreover, in that case every column 
has the same number of ones. The latter 
means that in the tight case all elements 
are abundant. See also Remark 3 below. 
Table 1 makes also clear that if we add 
the constraint m2 #x  to (3) then only the 
cases where m is a power of 2 survive; in 

Optimization model with binary variables
Obviously the matrix Cn  contains all the 
information we need for deciding wheth-
er a family F is union-closed or not. In 
this section we give some examples of its 
usefullness for performing numerical ex-
periments.3

In this section A denotes a fixed matrix 
whose (distinct!) rows are all binary vec-
tors of length n. So A is the binary repre-
sentation of the power set of [n]. We as-
sume that the rows are ordered according 
to their decimal values, in increasing order. 
So the first row of A contains only zeros 
and the last row only ones. Obviously, A 
has size N n# , with N 2n= , and A is cer-
tainly union-closed. Moreover, the number 
of ones in each column equals /N 2, so A 
satisfies the UCC tightly.

We consider submatrices of A that con-
sist of a subset of its rows. Such a sub-
matrix equals AF  for the family F whose 
decimal representation consists of the dec-
imal values of the rows in the submatrix. 
Below we represent F by its support vec-
tor x. So x is the binary (column) vector of 
length N defined by

.x i1 Fi + !=

With m F= , we then have ,x m1T
N =

where 1N  denotes the all-one vector of 
length N. Obviously the entries in the vec-
tor x AT  count the number of ones in the 
successive columns of AF . Since we as-
sumed that AF  has no zero column, each 
of these numbers must be at least one, 
which holds if and only if

.x A 1T
n$

Assuming that F is union-closed, it will 
now be clear that the UCC requires that

( ) .max x A x1T
N
T

2
1$

Using the closure matrix Cn  we may for-
mulate the UC condition in terms of x as 
follows. With ( , )k C i jn= , we must have

, , .andx x x i j1 1 1 Fi j k& 6 != = =

Since x is a {0,1}-vector, this implication 
can be modelled by the linear inequality 

.x x x 1k i j$ + - (2)

We conclude that every triple (i,j,k) such 
that ( , )k C i j 0>n=  gives rise to an in-
equality for the {0,1}-vector x.

To simplify the notation in the sequel, the 
symbol 1 will denote an all-one vector of 
suitable length if the meaning of ‘suitable’ 
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As before, let A be the matrix whose 
rows are the support vectors of all sub-
sets of X in the ‘natural’ order (i.e., ordered 
with respect to their decimal values). The 
submatrix of A determined by F is denot-
ed as Ax , where x is the support vector of 
F. Similarly Ay  denotes the submatrix of 
A determined by 'F , with y denoting the 
support vector of 'F .

If S and T are two subsets of X then they 
are each others complement if and only if 
the sum of their binary values equals the 
all-one vector of length n, and this holds if 
and only if the sum of their decimal values 
equals N 1- , where .N 2n=  Thus we may 
conclude that the support vectors x and y 
are related as follows:

, .y x i N1 1 0 1i N i1+ # #= = -- -

Hence, the vector y arises from x by invert-
ing the order of the entries of x. Stated 
otherwise,

,y Qx= (9)

where Q is the N N#  { , }0 1 -matrix with 
ones on its main anti-diagonal. We there-
fore call x and y each others opposite vec-
tor.

Now let .B QA|=  So B is the matrix 
whose rows are the support vectors of all 
subsets of X in the ‘opposite’ order. Since 
Q is symmetric, we then may write

.y A Qx A x Q A x QA x BT T T T T T= = = =_ i (10)

sented by 2k  is the singleton { }.k 1+  Ob-
viously, the set S and { }k 1+  are disjoint. 
Therefore, ({ } ) .z k S j1 2k,+ = +  Taking 

,j 2 1k= -  we get ( , )C j2 2 2 1n
k k k= + -  

,m2 1k 1 $= -+  where the inequality is 
due to (7). By the definition of F in (5) 
this implies ( , ) .C j2 Fn

k g  By Lemma 3.1 
this implies that F is not union-closed. 
This completes the proof.	 □

We conclude this section with a similar 
result. Its proof is much simpler than that 
of the previous theorem — straightforward, 
without using Cn — and is therefore omitted.

Theorem 2.  Let N be as before and

(8)

: , .i N m i N m N1 1Fm| # # # #= + -# -

Then Fm  is a UC-family of size m, for each 
m. Moreover, the largest number of ones 
per column equals ( , / )min m N 2 , which is 
tight for the UCC if and only if m N= .

UC- versus IC-families
Let F be a family of m subsets of the set X 
( [ ]n= ) and let the family 'F  consist of the 
complements of the subsets in F. Then 

.mF' F= =  As already mentioned in 
Remark 1, the theorem of de Morgan im-
plies that F is a UC-family if and only if 

'F  is a IC-family. Below it will be assumed 
that F is a UC-family.

.m 2k=  It makes the statement in the fol-
lowing theorem almost trivial.

Theorem 1.  With N 2n= , let m N2 <#  
and

{ : } .i i m0 <F| #= (5)

Then F is a UC-family if and only if m is a 
power of 2 and then the UCC holds tightly.

Proof.  The decimal representation of F is 
the set { , , }m0 1f - . Let k be such that

.m2 2<k k 1# +
(6)

Since m 2k$ , F contains all subsets 
whose decimal values are strictly less than 

.2k  The support vectors of these subsets 
are the binary vectors ( , , )s s sn 1f=  with 
s 0i =  for each i k> . These are precisely 
the 2k  subsets of [ ] { , , }k k1 f= .

If m 2k=  these are all subsets in F. 
So, then F is the power set [k]. There-
fore, F is union-closed and each element 

[ ]i k!  belongs to precisely / /m2 2 2k =  of 
the subsets in F. This proves that Frankl’s 
conjecture is tight if m is a power of 2.

Next we consider the case where (6) 
holds and m is not a power of 2. Then

.m2 2 1<k k 1# -+ (7)

As we already established, F contains all 
subsets of [k]. Let j be the decimal value 
of a subset of [ ]S k3 . The subset repre-

m x1T x x/m x AT

2 2 1 0.5000 [1 1 1 1]

3 3 2 0.6667 [2 1 1 1]

4 4 2 0.5000 [2 2 2 2]

5 5 3 0.6000 [3 3 3 1]

6 6 4 0.6667 [4 4 3 1]

7 7 4 0.5714 [4 4 4 3]

8 8 4 0.5000 [4 4 4 4]

9 9 5 0.5556 [5 5 5 1]

10 10 6 0.6000 [6 6 5 4]

11 11 7 0.6364 [7 6 6 5]

12 12 7 0.5833 [7 7 6 6]

13 13 8 0.6154 [8 7 7 6]

14 14 8 0.5714 [8 8 7 7]

15 15 8 0.5333 [8 8 8 8]

16 16 8 0.5000 [8 8 8 8]

Table 1  Solutions of (3) for n 4=  and m N2 # # .

m x1T x / x1Tx x AT

2 2 1 0.5000 [1 1 1 1]

3 4 2 0.5000 [2 2 2 2]

4 4 2 0.5000 [2 2 2 2]

5 8 4 0.5000 [4 4 4 4]

6 8 4 0.5000 [4 4 4 4]

7 8 4 0.5000 [4 4 4 4]

8 8 4 0.5000 [4 4 4 4]

9 16 8 0.5000 [8 8 8 8]

10 16 8 0.5000 [8 8 8 8]

11 16 8 0.5000 [8 8 8 8]

12 16 8 0.5000 [8 8 8 8]

13 16 8 0.5000 [8 8 8 8]

14 16 8 0.5000 [8 8 8 8]

15 16 8 0.5000 [8 8 8 8]

16 16 8 0.5000 [8 8 8 8]

Table 2  Solutions of (4), where we require x m1T $  and /x 21T#x .
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UCC is tight. The symmetry in this figure re-
flects the fact that these vectors are self-op-
posite. Also note that the number of ones 
in these vectors x is always a power of 2, 
in agreement with Conjecture 3.4

Conclusion
As may be clear, in essence this short note 
leaves the conjecture of Frankl open. But 
hopefully it brings us somehow closer to 
the solution.	 s
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I gladly concur with what he wrote (in old Dutch) 
to prince Maurits in the preface to his book [3]: 
“Alsoo heeftet den almachtighen Godt belieft / 
oock mijn de Schuppe inde handt te gheven / 
om de selve te ghebruycken tot mijn beroup / 
d’welck is (Hoogh-gheboren Vorst ...) de konste 
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/ als den almachtighen Godt belieft / ende syn 
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( )y A Qx A x AT T T= =  and hence, by (12), 
all column sums in Ax  (and in Ay ) are equal 
to m2

1 . So, if x is self-opposite this implies 
tightness. We observed in our computa-
tions that if x is the support vector of a tight 
UC-family the converse is also true. This is 
confirmed by Figure 3. This figure shows the 
nonzero patterns of the vectors x for the 
52 UC-families F (with n 5= ) for which the 

Since each row of B is the complement 
of the corresponding row of A, A B+  is 
the all-one matrix of size N n# . In other 
words,

.A B 1 1N n
T+ = (11)

It follows that

( )

( ) .

x A y A x A x B

x A B

x

x m

1 1

1 1 1

T T T T

T

T
N n

T

N
T

n
T

n
T

+ = +

= +

=

= = (12)

The first equality holds because of (10), 
the third equality because of (11) and the 
last equality because .x m1T

N =  We may 
rewrite (12) as follows

( ) ( ) , ,x A y A m k n1T
k

T
k # #+ = (13)

which shows that the k-th column sum 
for Ax  plus the k-th column sum for Ay  is 
equal to m, for each k. An immediate con-
sequence is that for each k we have either

(14)( ) ( )x A m y AT
k

T
k2

1$ $

or

( ) ( ) .y A m x AT
k

T
k2

1$ $ (15)

Let us emphasize that until now the results 
in this section hold for every family F  and 
its ‘opposite’ family 'F . Moreover, the UCC 
simply means that if F is union-closed 
then (14) holds for at least one k.

Finally, we consider the case where x 
is self-opposite, i.e., when Qx x= . Then 
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Figure 3  Nonzero patterns of tight vectors x for n 5= .
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